We investigate the Hyers-Ulam stability of the quadratic functional equation on restricted domains. Applying these results, we study of an asymptotic behavior of these quadratic mappings.
Introduction
The question concerning the stability of group homomorphisms was posed by Ulam 1 . Hyers 2 solved the case of approximately additive mappings on Banach spaces. Aoki 3 provided a generalization of the Hyers' theorem for additive mappings. In 4 , Rassias generalized the result of Hyers for linear mappings by allowing the Cauchy difference to be unbounded see also 5 . The result of Rassias has been generalized by Gȃvruţa 6 who permitted the norm of the Cauchy difference f x y − f x − f y to be bounded by a general control function under some conditions. This stability concept is also applied to the case of various functional equations by a number of authors. For more results on the stability of functional equations, see . We also refer the readers to the books 33-37 .
It is easy to see that the function f : Ê → Ê defined by f x cx 2 with c an arbitrary constant is a solution of the functional equation f x y f x − y 2f x 2f y . 
Stability of 1.1 on Restricted Domains
In this section, we investigate the Hyers-Ulam stability of the functional equation 1.1 on a restricted domain. As an application, we use the result to the study of an asymptotic behavior of that equation. for all x ∈ X with x ≥ M/2 1/p and all integers n ≥ m ≥ 0. It follows from 2.7 that the sequence
for all x ∈ X with x ≥ M/2 1/p . Letting m 0 and n → ∞ in 2.7 , we get
for all x ∈ X with x ≥ M/2 1/p . Now, suppose that x, y ∈ X such that x , y , x ± y ≥ M/2 1/p , then by 2.1 and the definition of ϕ, we obtain ϕ x y ϕ x − y 2ϕ x 2ϕ y .
2.10
We have to extend the mapping ϕ to the whole space X. Given any x ∈ X with 0
2.11
Let x ∈ X with 0 < x < M/2 1/p and let k k x . We have two cases.
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Therefore, Q 2x 4Q x for all x ∈ X with 0 < x < M/2 1/p . From the definition of Q and 2.8 , it follows that Q 2x 4Q x for all x ∈ X. Now, suppose that x ∈ X with x / 0 and choose a positive integer m such that 2 m x ≥ M/2 1/p . By the definition of Q and its property, we have
So by the definition of ϕ, we have
for all x ∈ X with x / 0. Since Q 0 0, 2.15 holds true for x 0. Let x, y ∈ X with x, y / 0. It follows from 2.1 and 2.15 that
Letting y −x in 2.16 , we get Q −x Q x for all x ∈ X with x / 0. Since Q 0 0, the same is true for x 0. So, Q is even and this implies that 2.16 is true for all x, y ∈ X. Therefore, Q is quadratic. By the definition Q x ϕ x when x ≥ M/2 1/p , thus 2.2 follows from 2.9 . To prove the uniqueness of Q, let T : X → Y be another quadratic mapping satisfying 2.2 for all x ≥ M/2 1/p . Let x ∈ X with x / 0 and choose a positive integer m such that 2
for all n ≥ m. Since Q and T are quadratic, we get
for all n ≥ m. Therefore, Q x T x . Since Q 0 T 0 0, we have Q x T x for all x ∈ X. The proof of our last assertion follows from the proof of Theorem 1 in 12 .
We now introduce one of the fundamental results of fixed point theory by Margolis and Diaz. 
By using the idea of Cȃdariu and Radu 45 , we applied a fixed point method to the investigation of the generalized Hyers-Ulam stability of the functional equation 1.1 on a restricted domain. for all x, y ∈ X, where 0 < L < 1 is a constant number, then there exists a unique quadratic mapping
for all x ∈ X with x ≥ M, where
and
if f is measurable or if f tx is continuous in t for each fixed x ∈ X, then Q tx t
2 Q x for all x ∈ X and t ∈ Ê.
Proof. It follows from 2.20 that
for all x, y ∈ X. Let y ∈ X M : {x ∈ X : x ≥ M}. Letting x ky for k 2, 3, 4, 5 in 2.1 , we get the following inequalities: f 6y − 5f 2y − 16f y ≤ ψ 5y, y 2ψ 4y, y 3ψ 3y, y 4ψ 2y, y .
2.31
By 2.24 , we get f 6y − 2f 4y − f 2y ≤ ψ 4y, 2y .
2.32
Hence, we obtain from 2.31 and 2.32 that 2f 4y − 4f 2y − 16f y ≤ ψ 5y, y ψ 4y, 2y 2ψ 4y, y 3ψ 3y, y 4ψ 2y, y .
2.33
So, it follows from 2.28 and 2.33 that
We introduce a generalized metric on E as follows:
7
We assert that E, d is a generalized complete metric space. Let {h n } be a Cauchy sequence in E, d and ε > 0 be given, then there exists an integer N such that d h m , h n ≤ ε for all m, n ≥ N. This implies that h m x − h n x ≤ εσ x for all x ∈ X M and all m, n ≥ N. Therefore, {h n x } is a Cauchy sequence in Y for all x ∈ X M . Since Y is a Banach space, {h n x } converges for all x ∈ X M . Thus, we can define a function h :
2.36
Since
for all x ∈ X M and all m ≥ N, we get d h m , h ≤ ε for all m ≥ N. That is, the Cauchy sequence {h n } converges to h in E, d . Hence, E, d is complete. We now consider the mapping Λ :
2.38
Let h, k ∈ E and let C ∈ 0, ∞ be an arbitrary constant
for all x ∈ X M . By the assumption 2.20 and the last inequality, we have
That is, Λ is a strictly contractive on E. It follows from 2.34 that d Λf, f ≤ 1. Therefore, according to Theorem 2.2, there exists a function ϕ ∈ E such that the sequence {Λ n f} converges to ϕ and Λϕ ϕ. Indeed,
and ϕ 2x 4ϕ x , for all x ∈ X M . Also, ϕ is the unique fixed point of Λ in the set E * {h ∈ E : d f, h < ∞} and 
2.44
Let x ∈ X with 0 < x < M and let k k x . We have two cases.
Case 2. If 0 < 2 x < M, then k − 1 is the largest integer satisfying M/2 ≤ 2 k−1 2x < M, and we have
Therefore, Q 2x 4Q x for all x ∈ X with 0 < x < M. Using ϕ 2x 4ϕ x for all x ∈ X M and the definition of Q, we get that Q 2x 4Q x for all x ∈ X. Now, suppose that x ∈ X with x / 0 and choose a positive integer m such that 2 m x ≥ M. By the definition of Q and its property, we have
for all x ∈ X with x / 0. Since Q 0 0, 2.48 holds true for x 0. Let x, y ∈ X with x, y, x ± y / 0. It follows from 2.1 , 2.23 , and 2.48 that
2.49
Since Q 0 0 and Q 2x 4Q x for all x ∈ X, we conclude that 2.49 is true for all y ∈ {0, x}. Let y ∈ X with y / 0. Putting x 2y in 2.49 , we get Q 3y 9Q y . Therefore, by letting y 2x in 2.49 , we get Q −x Q x for all x ∈ X with x / 0. Since Q 0 0, the same is true for x 0. So, Q is even and this implies that 2.49 is true for all x, y ∈ X. Therefore, Q is quadratic. To prove the uniqueness of Q, let T : X → Y be another quadratic mapping satisfying 2.21 , for all x ≥ M. Let x ∈ X with x / 0 and choose a positive integer m such that 2 m x ≥ M, then
for all n ≥ m. Therefore, 2.23 implies that Q x T x . Since Q 0 T 0 0, we have Q x T x for all x ∈ X. Our last assertion is trivial in view of Theorem 2.1. 
2.52
for all x ∈ X with x ≥ M and Q x lim n → ∞ f 2 n x /4 n . Moreover, if f is measurable or if f tx is continuous in t for each fixed x ∈ X, then Q tx t 2 Q x for all x ∈ X and t ∈ Ê. for all y ∈ X and x ∈ {2y, 3y, 4y, 5y}. Using the direct method, there exists a unique quadratic mapping Q : X → Y such that Q x − f x ≤ 1 8 ψ 5x, x ψ 4x, 2x 2 ψ 4x, x 5 ψ 3x, x 8 ψ 2x, x , 2.54
